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CAPABILITY AND THE SCHUR MULTIPLIER OF GENERALIZED
HEISENBERG LIE SUPERALGEBRAS
RUDRA NARAYAN PADHAN AND K.C PATI
1. Abstract
Recently, in [18] the authors gave some results on the structure, capability and the Schur mul-
tiplier of generalized Heisenberg Lie superalgebra. In this work we try to extend these concepts to
the case of generalized Heisenberg Lie superalgebra.
2. Introduction and preliminaries
In 1904 Issai Schur introduced the Schur multiplier and cover of a group in his work on projective
representation. Similar to the group theory case, Schur multiplier and cover of a Lie algebra have
been studied by several authors [1,2,10,14]. For a finite dimensional Lie algebra L over a field F the
free presentation of L is 0 −→ R −→ F −→ L, where F is a free Lie algebra. The Schur multiplier
M(L) is isomorphic to F ′ ∩R/[F,R].
Baer [15] defined the notion of capable group. The authors in [11] introduced the epicenter Z∗(G)
of a group G. In this paper they proved that a group G is capable if and only if Z∗(G) = 1. Exte-
rior square of a group was studied for the first time in [12], which has an interesting relation with
capability of a group. Using the notion of exterior group, Ellis [13] proved that Z∧(G) = Z∗(G),
where Z∧(G) = {g ∈ G| g ∧ h = 0L∧L, ∀ h ∈ G} is the exterior center of the group. The notion
of epicenter Z∗(L) of a Lie algebra L was developed by V. Alamian and others in [9]. Recently,
Peyman Niroomand, Mohesen Parvizi, Francesco G. Russo [15] investigated beautiful connection
between epicenter and exterior center of a finite dimensional Lie algebra. Finally, they classified all
capable Heisenberg Lie algebras and later, as an application they showed that there exists atleast
one capable Lie algebra of arbitrary corank.
In this paper our aim is to describe the structure and Schur multiplier of generalised Heisenberg
Lie superalgebra and we have found the condition on capability of generalised Heisenberg Lie su-
peralgebras. We motivated from the work of Peyman Niroomand and Farangis Johari [18] on the
generalised Heisenberg Lie algebras.
Throughout this paper superdimesion of Lie superalgebra L = L0 ⊕ L1 is denoted by sdimL =
(m|n), where dimL0 = m and dimL1 = n. Also, we denote dim(L) = |sdimL| = m + n. For
any homogeneous element x ∈ L, degree of x is denote by d(x). The concept of stem extension,
cover and multiplier of Lie superalgebra is defined and studied in [4]. Free presentation of a Lie
superalgebra L is the extension 0 −→ R −→ F −→ L, where F is a free Lie superalgebra, then
M(L) ∼= F ′ ∩R/[F,R].
Another useful result in [4] the author found is the bound for the multiplier of Lie superalgebra
of superdimension (m|n).
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Lemma 2.1. (See [4], Theorem 3.1 ) Let L = L0 ⊕L1 be a Lie superalgebra with dim(L/Z(L)) =
(m|n). Then
dim (L′) ≤
1
2
[(m+ n)2 + (n−m)].
In this paper, we denote A(m,n) for abelian Lie superalgebra of superdimension (m|n).
Lemma 2.2. (See [4], Theorem 3.4)
dim M(A(m,n)) =
1
2
[(m+ n)2 + (n−m)].
Definition 2.3. A Lie superalgebra L is said to be capable, if there exists a Lie superalgebra H
such that L ∼= H/Z(H).
We denoted Z∗(L) to be the smallest ideal in L such that L/Z∗(L) is capable. We must observe
that Z∗(L) is a central ideal of L and L is capable if and only if Z∗(L) = {0}.
Definition 2.4. A finite dimensional Lie superalgebra L is said to be generalized Heisenberg Lie
superalgebra of rank (m|n) if Z(L) = L′ and dimL′ = m+ n.
Lemma 2.5. Let L be a Lie superalgebra and N a central ideal of L. Then N ⊆ Z∗(L) if and only
if the natural map M(L) −→ M(L/N) is a monomorphism.
Lemma 2.6. (See [19], Lemma 3.17) Let L be a Lie superalgebra and N be a central ideal of L.
Then the following sequence are are exact.
(1) L ∧N −→ L ∧ L −→ L/N ∧ L/N −→ 0.
(2) M(L) −→ M(L/N) −→ N ∩ L′.
Corollary 2.7. (See[19], Corollary 3.16 ) A Lie superalgebra L is capable if and only if the natural
map
M(L) −→ M(L/ < x >)
has a non-trivial kernel for all non-zero elements x ∈ Z(L).
Lemma 2.8. (See [5]). Let L be a Lie superalgebra. Then
0 −→ M(L) −→ L ∧ L −→ L′ −→ 0
is a central extension.
For any Lie superalgebra we use the notation Lab for L/L′.
Lemma 2.9. (see[4], Theorem 3.9) Two Lie superalgebras H and K satisfy the condition
M(H ⊕K) = M(H)⊕M(K)⊕ (H/H ′ ⊗K/K ′).
As a consequence,
(H ⊕K) ∧ (H ⊕K) ∼= (H ∧H)⊕ (K ∧K)⊕ (H/H ′ ⊗K/K ′),
Z∧(H ⊕K) ⊆ Z∧(H)⊕ Z∧(K).
Lemma 2.10. (See [19], Lemma 4.1) For any finite dimensional Lie superalgebra L, we have
Z∗(L) = Z∧(L).
Lemma 2.11. (See[19], Theorem 4.3) A(m|n) is capable if and only if m+ n ≥ 2.
Lemma 2.12. (See[19], Theorem 4.4) H(m|n) is capable if and only if m = 1, n = 0.
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Proposition 2.13. Let L be a finite dimensional nilpotent Lie superalgebra of nilpotency class two.
Then L = H ⊕K and Z∧(L) = Z∧(H), where K is abelian and H is a generalized Heisenberg Lie
superalgebra.
Proof. As L is of nilpotency class two, we have L′ ⊆ Z(L) and Z(L) = L′ + K, where K is
abelian. Also L/L′ = H/L′ ⊕ (K + L′)/L′ which implies L = H ⊕ K and Z(H) = L′ = H ′. If
dim(K) ≥ 2, then from Lemma 2.9 and 2.11 Z∧(L) ⊆ Z∧(H). Now let dim(K) = 1, then by
using Lemma 2.9 M(L) = M(H) ⊕ (H/H ′ ⊗ K). But K ∩ L′ = 0, thus we get an epimorphism
M(L) −→ M(L/K). Hence K * Z∧(L), which force Z∧(L) ⊆ Z∧(H). Now we will show the
reverse containment. Lemma 2.10 say that Z∗(H) = Z∧(H), therefore Z∧(H) ⊆ H ′. Suppose that
Z∧(H) 6= 0. Now from Lemma 2.6 and 2.9,M(L) =M(H)⊕M(K)⊕(H/H ′⊗K),M(L/Z∧(H)) =
M(H/Z∧(H))⊕M(K)⊕ (H/H ′⊗K) and dim(M(H)) = dim(M(H/Z∧(H)))− dim(Z∧(H)). As
a result we have a monomorphism M(L) −→M(H/Z∧(H)) and it follows Z∧(L) ⊇ Z∧(H). 
In [20], we can see that given any totally ordered Z2-graded set X = X0 ∪ X1, Γ(X) is
the groupoid of non-associative monomials in the alphabet X, u ◦ v = (u)(v) for u.v ∈ Γ(X),
and S(X) is the free semigroup of associative words with the bracket removing homomorphism
− : Γ(X) −→ S(X). For u = x1...xn ∈ S(X), x1 ∈ X, the word length lX(u) = n, the multidegree
m(u), d(u) =
∑n
i=1 d(xi) ∈ Z2. Now A(X) and F (X) are the free Z2-graded associative and non-
associative superalgebra respectively.
A monomial u ∈ Γ(X) is said to be regular if either u ∈ X or;
(1) u = u1 ◦ u2 where u1, u2 are regular monomials with u1 > u2:
(2) u = (u1 ◦ u2) ◦ u3 with u2 ≤ u3.
A monomial u ∈ Γ(X) is said to be s-regular if either u is a regular monomial or u = (v)(v) with
v a regular monomial and d(v) = 1.
Then the set of all images of the s-regular monomials form a basis of the free Lie superalge-
bra L(X) = F (X)/I, where I is the ideal generated by the homogeneous elements of the form
x ◦ y − (−1)d(x)d(y)y ◦ x and (x ◦ y) ◦ z − x ◦ (y ◦ z)− (−1)d(x)d(y)y ◦ (x ◦ z).
The analogue of Witt’s formula can be seen in corollary 2.1.1 in [20].
Theorem 2.14. Let X = X0 ∪X1, X0 = {x1, ..., xm}, X1 = {y1, ..., yn} be a totally ordered Z2-
graded set and L(X) be the free Lie superalgebra, µ(l) the Mobius function, and W (α1, ..., αm+n)
the rank of the free module of elements of multidegree α = (α1, ..., αm+n) in the free Lie superalgebra
of rank m+ n,
W (α1, ..., αm+n) =
1
|α|
∑
e|α
(|α|/e)!
(α/e)!
,
where |α| =
∑m+n
i=1 αi. Let SW (α1, ..., αm+n) be the rank of the free module of elements of multi-
degree α = (α1, ..., αm+n) in the free Lie superalgebra L(X) of rank m+ n. Then
SW (α1, ..., αm+n) = W (α1, ..., αm+n) + βW (
α1
2
, ...,
αm+n
2
),
where
β =
{
0 if there exists an i such that αi is odd, or if
∑m+n
i=n+1 αid(αi) = 1
1 otherwise.
Theorem 2.15. Let F be a free Lie superalgebra on a Z2-graded set X, then Fn/Fn+i is an abelian
Lie superalgebra with the basis of all s-regular monomials on X of lengths n, n+ 1, ..., n+ i− 1 for
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all 0 ≤ i ≤ n. In particular, Fn/Fn+1 is an abelian Lie superalgebra of dimension
∑
|α|=n SW (α),
where Fn is the n-th term of the lower central series of F .
3. Main results
Now we are going to study the structure of generalized Heisenberg Lie superalgebra of rank
1
2
[(m + n)2 + (n −m)]. A generalized Heisenberg Lie superalgebra H has m + n-generators, we
mean that dim (H/Z(H)) = m+ n.
Proposition 3.1. Let H be a m + n-generator generalized Heisenberg Lie superalgebra of rank
1
2
[(m + n)2 + (n − m)]. Then dim H =
1
2
(m + n)2 + m + 3n and H has the presentation〈
x1, ..., xm, y1..., yn, uij , vkl, zil | [xi, xj ] = uij, [yl, yk] = vlk, [xi, yl] = zil, 1 ≤ i < j ≤ m, 1 ≤
k ≤ l ≤ n
〉
.
Proof. Let {x1 + Z(H), ..., xm + Z(H), y1 + Z(H)..., yn + Z(H)} be a basis of H/Z(H) with
d(xi + Z(H)) = 0, d(yl + Z(H)) = 1 for 1 ≤ i ≤ m, 1 ≤ l ≤ n. It is easy to see that
{[xi, xj ], [yl, yk], [xi, yl] | 1 ≤ i < j ≤ m, 1 ≤ k ≤ l ≤ n} is a basis for H
′. Hence H =〈
x1, ..., xm, y1..., yn, uij , vkl, zil | [xi, xj ] = uij , [yl, yk] = vlk, [xi, yl] = zil, 1 ≤ i < j ≤ m, 1 ≤ k ≤
l ≤ n
〉
and dim (H) =
1
2
[(m+ n)2 + (n−m)] +m+ n =
1
2
(m+ n)2 +m+ 3n. 
Proposition 3.2. Let H be a m + n-generator generalized Heisenberg Lie superalgebra of rank
1
2
[(m + n)2 + (n − m)]. Then M(H) is isomorphic to an abelian Lie superalgebra of dimension∑
|α|=3 SW (α).
Proof. From proposition 3.1 we must have H ∼= F/F 3, where F is a free Lie superalgebra of rank
m+ n. Now we can conclude form Theorem 3.17 that M(H) ∼= F 3/F 4 and F 3/F 4 is abelian and
has dimension
∑
|α|=3 SW (α).

Proposition 3.3. Let H be a m + n-generator generalized Heisenberg Lie superalgebra of rank
1
2
[(m + n)2 + (n −m)]. If K be an one dimensional subalgebra contain in H ′, then M(H/K) is
isomorphic to an abelian Lie superalgebra of dimension
∑
|α|=3 SW (α) + 1− (m+ n).
Proof. Proposition 3.1 gives a basis of H, i.e {x1, ..., xm, y1..., yn, uij , vkl, zil | [xi, xj ] = uij, [yl, yk] =
vlk, [xi, yl] = zil, 1 ≤ i < j ≤ m, 1 ≤ k ≤ l ≤ n}. So, it is clear that any one dimensional sub-
algebra of H ′ is generated by either [xi, xj ] or [yk, yl] or [xi, xl]. We will prove this theorem by
considering case by case.
Case-1: Consider K = < [xi, xj ] > with i < j.
Then H/K has a basis that is the set {x1+K, ..., xm+K, y1+K, ..., yn+K,upt+K, vkl+K, zpl+
K | [xp +K,xt +K] = upt +K, [yl +K, yk +K] = vlk +K, [xp +K, yl +K] = zpl +K, 1 ≤ p <
t ≤ m, 1 ≤ k ≤ l ≤ n p 6= i, t 6= j}. Now we Define
[xp, xt] = upt + spt, 1 ≤ p < t ≤ m, p 6= i, t 6= j,
[yk, yl] = vkl + s
′
kl, 1 ≤ k ≤ l ≤ n,
[xp, yl] = zpl + s
′′
pl, [xi, xj ] = sij,
[upt, xr] = αptr, 1 ≤ r ≤ m;
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[upt, yr′ ] = α
′
ptr′ , 1 ≤ r
′ ≤ n;
[vkl, xr] = βklr, [vkl, yr′ ] = β
′
klr′ , [zpl, xr] = γplr, [zpl, yr′ ] = γ
′
plr′ ,
[upt, zrl] = δptrl, 1 ≤ p < t ≤ m, p 6= i, t 6= j, [upt, vkl] = δ
′
ptkl,
[upt, urp′ ] = θptrp′ 1 ≤ r < p
′ ≤ m, r 6= i, p′ 6= j;
[vkl, vr′l′ ] = θ
′
klr′l′ 1 ≤ r
′ ≤ l′ ≤ n, [zpl, zr′l′ ] = ηplr′l′ , [vkl, zpl′ ] = η
′
klpl′ .
Where the set {spt, s
′
kl, s
′′
pl, sij, αptr, α
′
ptr′ , βklr, β
′
klr′ , γplr, γ
′
plr′ , δptrl, δ
′
ptkl, β
′
klr′ , γplr, γ
′
plr′ , θptrp′ ,
θ′klr′l′ , ηplr′l′ , η
′
klpl′} generate M(H/K). By changing of variable u
′
pt = upt + spt, v
′
kl = vkl + s
′
kl
and z′pl = zpl + s
′′
pl allows us to take spt = s
′
kl = s
′′
pl = 0. Now using Jacobi identity we get
δptrl = [upt, zrl] = [[xp, xt], zrl] = 0.
In a similar way we can find
δptrl = δ
′
ptkl = β
′
klr′ = γplr = γ
′
plr′ = θptrp′ = θ
′
klr′l′ = ηplr′l′ = η
′
klpl′ = 0..
Thus the set ∆ = { sij, αptr, α
′
ptr′ , βklr, β
′
klr′ , γplr, γ
′
plr′ | 1 ≤ p < t ≤ m, p 6= i, t 6= j, 1 ≤ k ≤
l ≤ n, 1 ≤ r ≤ m, 1 ≤ r′ ≤ n} generate M(H/K). But the set ∆ has a basis which is the set of
all s-regular monomials of length 3, i.e. dim (∆) =
∑
|α|=3 SW (α). But we have [[xi, xj ], xk] = 0
which implies [[xj , xk], xi] = −[[xk, xi], xj ]. Hence
αjki = αikj, 1 ≤ k
′ ≤ i− 1; αjki = −αkij, i+ 1 ≤ k
′ ≤ m.
Also [[xi, xj ], yl] = 0, for 1 ≤ l ≤ n. Thus dim (M(H/K)) =
∑
|α|=3 SW (α) + 1− (m+ n).
Case-2: Consider K = < [yl, yk] > with l ≤ k.
The proof runs similar to the case-1, only we have to take care of some possibilities. As
[[yl, yk], yr′ ] = 0, 1 ≤ r
′ ≤ n,
we have
βkr′l = −βlr′k, 1 ≤ r
′ ≤ l; βr′kl = −βr′lk, l ≤ r
′ ≤ n.
Also [[yl, yk], xr] = 0, which implies [[yk, xi], yl] = −[[yl, xi], yk], for 1 ≤ p ≤ m. As a result
dim (M(H/K)) =
∑
|α|=3 SW (α) + 1− (m+ n).
Case-3: Consider K = < [xp, yl] > .
It is easy to see [[xp, yl], yr′ ] = 0 for 1 ≤ r
′ ≤ n. Also [[xp, yl], xr] = 0, which implies [[yl, xp], xr] =
0 for p ≤ r ≤ m and
[[xr, xp], yl] = −[[yl, xr], xp], for 1 ≤ r ≤ p− 1.
Hence dim (M(H/K)) =
∑
|α|=3 SW (α) + 1− (m+ n), as required.

Theorem 3.4. Let H be a m+n-generator generalized Heisenberg Lie superalgebra of rank
1
2
[(m+
n)2 + (n −m)]. Then H is capable.
Proof. From Propositions 3.2 and 3.3 dim (M(H)) > dim (M(H/K)). Using Corollary 2.7 we can
conclude thatH is capable, since the homomorphismM(H) −→M(H/K) is not a monomorphism.

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Theorem 3.5. Let H be am+n-generator generalized Heisenberg Lie superalgebra. Then dim(H ′) =
1
2
[(m+n)2+(n−m)] if and only ifM(H) is isomorphic to an abelian Lie superalgebra of dimension∑
|α|=3 SW (α).
Proof. We can see that from the proof of proposition 3.3 that if dim(H ′) <
1
2
[(m+n)2+ (n−m)],
then dim(M(H)) <
∑
|α|=3 SW (α). Thus dim(H
′) =
1
2
[(m+ n)2 + (n−m)]. 
Theorem 3.6. Let H be a m+n-generator generalized Heisenberg Lie superalgebra of rank
1
2
[(m+
n)2 + (n − m)]. Then L is a cover for H if and only if L is nilpotency of class 2, dim(L3) =
dim(M(H)), Z(L) ⊆ L′ and L/L3 ∼= H.
Proof. Suppose L is a cover of H. Then we must have an ideal K of L such that L/K ∼= H, where
K ∼= M(H). Since H is nilpotent of class 2, and L/K ∼= H, we have L is of nilpotent of class 3.
Clearly the quotient superalgebra (L/L3)ab is nilpotent of class 2 and dim(L/L3) = (m,n). Thus
by using Lemma 3.1 dim(L′/L3) =
1
2
[(m+ n)2 + (n−m)]. So we have
1
2
[(m+ n)2 + (n−m)] + dim(k) − dim(L3) = dim(H ′) + dim(K)− dim(L3)
= dim(L′)− dim(L3) = dim(L′/L3) ≤
1
2
[(m+ n)2 + (n−m)].
Thus we have dim(K) ≤ dim(L3). Because H is nilpotency of class 2, L3 ⊆ K. Therefore
L3 = K.

Theorem 3.7. Let L be a Lie superalgebra of nilpotency class 2 and dimension of L be (m|n), dim(L/Z(L)) =
(r|s), and dim(L′) =
1
2
[(r+s)2+(s−r)]. Then L = H⊕A(p, q) such that H ∼=
〈
x1, ..., xm, y1..., yn, uij , vkl
, zil | [xi, xj] = uij, [yl, yk] = vlk, [xi, yl] = zil, 1 ≤ i < j ≤ m, 1 ≤ k ≤ l ≤ n
〉
, Z(H) = H ′ = L′,
dim(H ′) =
1
2
[(r+s)2+(s−r)], andM(L) is isomorphic to an abelian Lie superalgebra of dimension∑
|α|=3 SW (α) +
1
2
[(p + q)2 + (q − p)] + (m+ n)(p + q).
Proof. As a consequence of propositions 2.13 and 3.1, L = H⊕A(t) such thatH ∼=
〈
x1, ..., xm, y1..., yn, uij , vkl, zil
| [xi, xj ] = uij, [yl, yk] = vlk, [xi, yl] = zil, 1 ≤ i < j ≤ m, 1 ≤ k ≤ l ≤ n
〉
, Z(H) = H ′ = L′,
dim(H ′) =
1
2
[(r + s)2 + (s − r)]. Now from Lemma 2.2, 2.9 and Proposition 3.2 dim(M(L)) =
dim(M(H)) + dim((A(p, q))) + dim(H/H ′ ⊗A(p, q))
=
∑
|α|=3
SW (α) +
1
2
[(p + q)2 + (q − p)] + (m+ n)(p+ q).

Corollary 3.8. Let L be a Lie superalgebra of dimension (m|n) with nilindex 2 such that dim(L/Z(L)) =
(r|s) and dim(L′) =
1
2
[(r + s)2 + (s− r)]. Then L is capable.
Proof. We can conclude from Lemma 2.10, proposition 3.13, Theorem 3.4 and Theorem 4.7 that
Z∧(L) = Z∧(H) = Z∗(H) = 0. 
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Corollary 3.9. Let L be a Lie superalgebra of nilpotency class 2 and dimension of L be (m|n), dim(L/Z(L)) =
(r|s), and dim(L′) =
1
2
[(r + s)2 + (s − r)]. Then L ∧ L ∼= M(L) ⊕ L′ and L ∧ L is isomorphic to
an abelian Lie superalgebra of dimension
∑
|α|=3 SW (α) +
1
2
[(p+ q)2 + (q − p)] + (m+ n)(p+ q) +
1
2
[(r + s)2 + (s− r)].
Proof. This is a consequence of Lemma 2.8 and Theorem 3.7. 
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